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Abstract 
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We study the concept of a stable quasi-uniform space due to D. Doitchinov. In particular 
quasi-pseudo-metric spaces (X, d) whose associated quasi-uniformities %(d) or *U(d-‘) are stable 
are investigated. 
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1. Introduction 
In [S, 61 Doitchinov introduces the concept of a stable quasi-uniform space and 
develops an interesting theory of completeness for this class of quasi-uniform spaces. 
In this paper we continue his study of the concept of a stable quasi-uniform space. 
We observe that each quasi-uniform space (X, %) whose conjugate (X, CT’) is 
hereditarily precompact is stable and that, on the other hand, the conjugate of each 
countably compact stabte quasi-uniform space is hereditarily precompact. Initial 
quasi-uniformities induced by families of stable quasi-uniformities are shown to be 
stable. It follows e.g. that each topological space admits a finest (compatible) stable 
quasi-uniformity. 
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In the second part of this paper we study those quasi-pseudo-metrizable spaces 
that admit a quasi-pseudo-metric d whose (quasi-pseudo-metric) quasi-uniformity 
Q(d) is stable. These quasi-pseudo-metrics will be called stable in the following. 
We show that each Lindelaf stable quasi-pseudo-metric space is hereditarily separ- 
able and that each pseudo-~,-compact stable quasi-pseudo-metric space is separable. 
Completely regular pseudocompact stable quasi-pseudo-metric spaces are compact. 
Furthermore we prove that each regular a-metacompact (weakly submetacompact) 
stable quasi-pseudo-metric space is para~ompact (subparacompact). A regular stable 
quasi-pseudo-metric space is developable (pseudo-metrizable) provided that it is 
quasi-developable (has a a-point-finite base). Various examples are presented to 
illustrate the obtained results. The questions whether each regular hereditarily 
separable stable quasi-pseudo-metric space is Lindeliif and whether there exists (in 
ZFC) a regular stable quasi-pseudo-metric space which is not countably metacom- 
pact remain open. For concepts not defined in this paper we refer the reader to 18,141. 
2. Stable quasi-uniformities 
Let us recall the necessary definitions first. Following Fletcher and Hunsaker a 
filter 9 on a quasi-uniform space (X, Q) is called D-Cauchy [4] provided that there 
exists a filter 99 on X such that for each UE Q there are GE % and FE 5 such 
that G x F c U. In this case we write (3, 9) --, 0. A filter 9 on (X, a) is called stable 
[3] provided that for each U E Ou there exists an A E 9 such that A c U(B) whenever 
BE 3. A quasi-uniform space is said to be stable [5,6] if each of its D-Cauchy 
filters is stable. The quasi-uniformity of a stable quasi-uniform space will also be 
called stable. A quasi-pseudo-metric space (X, d) will be called stable provided that 
its quasi-pseudo-metric is stable. We recall that the quasi-pseudo-metric quasi- 
uniformity %(d) of a quasi-pseudo-metric space (X, d) is the filter generated on 
XxX by the base {UE: E>O} where U,= @={(x,y)~XxX: d(x,y)<E} 
whenever E is a positive real number. To motivate these definitions we discuss an 
example first. 
Example 2.1. (a) Each uniform space is stable [6, Proposition 11. 
(b) Let R be the set of real numbers and let d (x, y) = y - x if y 5 x and d (x, y) = 1 
if y < x. Then the so-called quasi-metric Sorgenfrey line (R, d) is stable [5,6]: Let 
9 be a D-Cauchy filter on (R, a(d)). Then there exist a filter (3 on R and decreasing 
sequences (G,),,w and (E;n)ntPti of subsets of !R such that G,, E 3, F, E 9 and 
G, x F,, c Up whenever n EN. Note that G, and F, are bounded with respect to 
the usual metric 1.1 on R and that g s f for each g E G, and f E F, . Set g, = sup G,, 
whenever n EN and g = lim ,,,,g, (with respect to T(d)). Clearly 9 converges to 
g in (R, d). Moreover for each BE 9 and n E N the interval (g, g +Y”) is a subset 
of U,-m(B). Hence using the notation of the definition above, for any n E N we can 
set A=[g,g+2-“) if gEn,,, U,-la(B), and A = (g, g + 2-“) otherwise. We have 
shown that (R, d) is stable. Note that in this example the conjugate (R, d-‘) of 
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(Iw, d) is stable, too. In the following we shall call a stable quasi-pseudo-metric 
(quasi-uniformity) whose conjugate is stable doubly stable. 
Remark 2.2. A sequence (x,) nsN of a quasi-pseudo-metric space (X, d) will be called 
a D-Cuuchy sequence provided that the filter generated on X by {{x, : n E N, n 2 k}: 
k E N} is a D-Cauchy filter on (X, q(d)). Stability of quasi-pseudo-metric spaces 
can be characterized by sequences. One easily checks that a quasi-pseudo-metric 
space (X, d) is stable if and only if each of its D-Cauchy sequences generates a 
stable filter. In fact the following criterion applies. 
Lemma 2.3. A quasi-pseudo-metric space (X, d) is stable if and only if for each 
D-Cuuchy sequence (x,),,,~ on X and each m EN the family ( U2-~~~(x,)),,, is point- 
unite at only.~nitely many points of {x, : n EN}. 
Proof. Assume that each D-Cauchy sequence of a quasi-pseudo-metric space (X, d) 
satisfies the stated condition, but that there exists a D-Cauchy filter 9 on (X, Q(d)) 
which is not stable. Then there is an m EN such that nFt9 L+(F) & 9. Furthermore 
there are a filter 9 on X and decreasing sequences ( G,),EN and (F,) nhN of subsets 
of X such that G, E 443, F, E 9, G, x F, G L+ and F,,\ U,--,.(F,+,) # 0 whenever 
n EN. For each n EN choose x, E F,,\ L+~(F,+,). Then clearly the D-Cauchy 
sequence (x, 1 nclQI on X violates the stated condition-a contradiction. The converse 
is obvious. Cl 
Example 2.4. A quasi-uniformity for which each D-Cauchy filter with a countable 
base is stable need not be stable: Let X = wl, let A be the diagonal of X and let 
% be the quasi-uniformity generated on X x X by {S, : a < q} where S, = A u 
({p E w, : /3 is a limit ordinal, /3 2 a) x {/3 E w, : /3 is a successor ordinal, /3 3 a}) 
whenever cy E o ,. Consider an arbitrary D-Cauchy filter 9 on X generated by a 
countable base {C;, : n EN}. Then there are a filter 9 on X, FE 9, a cofinal subset 
B of W, and for each (Y E B a set G, E $9 such that G, x F c S,. Let f f F. For any 
LYE B with (Y >f we have S,‘(f) = {f} = G, and S,( G,) = {S} = F. Hence 9 is 
stable, because it contains a singleton. On the other hand the filter generated on X 
by {{P E w 1 : p is a successor ordinal, p 2 a}: a E w,} is a D-Cauchy filter which is 
not stable. Hence the quasi-uniformity % is not stable. 
Further examples of stable quasi-uniformities can be constructed with the help 
of Propositions 2.5 and 2.12, which we are going to prove next. Recall that a 
quasi-uniform space (X, %) is precompact if for each U E “II there is a finite subset 
F of X such that U(F) = X and it is totally bounded if the uniformity %” generated 
onXby%uW’ is precompact. The following result was independently obtained 
by J. Desk (private communication). It generalizes 13, Lemma 4.51. 
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Proposition 2.5. Let (X, a) be a quash-uniform space. ‘L&en each (uftra)~~ter on 
(X, “u) is stable if and only if (X, %-‘) is hereditarily precompact. 
Proof. Let A be a subspace of (X, W’) that is not precompact. Then there exists 
U E % such that A\ U-‘(E) # @ for any finite subset E of A. Let % be a( n ultra)filter 
on X containing {A\ U-‘(E): E c: A, E finite}. Then nFts U(F) c X\A and thus 
f-i FtF U(F)& @. Hence 9 is not stable. For the converse assume that 9 is a filter 
on (X, Q) that is not stable. Then there is U E % such that /-I FE4 U(F) 6~ %. Similarly 
as in the proof of Lemma 2.3 we define a sequence (x,,),~~ of points of X: Choose 
inductively for each n EN, F, E 9’ such that F,\ U(F,+,) # 0 and F,,, C_ F,,. Let 
x,~F,\U(F,+,)whenevern~N.Considerk,m~~withk>m.Thenx~~F,cF,+,, 
but x, E F,,\U(F,+,). Thus xk & U-‘(x,). Consequently the subspace {x, : n EN} 
of (X, W’) is not precompact. Cl 
Corollary 2.6. A quasi-uniform space (X, 011) whose conjugate (X, 021-l) is hereditarily 
precompact is stable. 
Remark 2.7. (a) The well-monotone covering quasi-uniformity (see [ 11, p. 201, com- 
pare [19] and [2I, Corollary S]) of a nonhereditarily compact space yields a simple 
example of a quasi-uniformity whose conjugate is hereditarily precompact, although 
it is not totally bounded. 
(b) Since each second countable topological space admits a totally bounded 
quasi-pseudo-metric (compare [8, Proposition 7.2]), it is a consequence of Corollary 
2.6 that each second countable space admits a doubly stable quasi-pseudo-metric. 
For later use we note that a second countable space need not be countably meta- 
compact (see e.g. [8, Example 5.251). 
Recall that a quasi-uniform space (X, %) is Cauchy bounded if each ultraflter 
on X is D-Cauchy [13]. It is known that Cauchy bounded quasi-uniform spaces 
are precompact and that both compact and totally bounded quasi-uniform spaces 
are Cauchy bounded. 
Corollary 2.8. Let (X, %I) be a quasi-uniform space on which the elementaryJilter of 
any sequence is contained in a D-Cauchy Jilter (e.g. let (X, Q) be countably compact 
or Cauchy bounded). Then % is stable if and only if a-’ is hereditarily precompact. 
Proof. Assume that %-’ is not hereditarily precompact and that % satisfies the 
stated condition. Then there are VE % and a sequence (x,),~~ of points of X such 
that x, & V-‘(x,) for each n, m EN with n > m. Since no filter on X which contains 
{{x~: nEN, n 2 k}: k E N} is stable, we conclude that % cannot be stable. The 
assertion is a consequence of Corollary 2.6. Cl 
Remark 2.9. (a) Note that on a hereditarily precompact quasi-uniform space (X, %) 
a stable ultrafilter 9 is Cauchy with respect to the supremum (quasi)-uniformity 
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%* of 021 and V’: For arbitrary U E 0% there is a E nGicg U(G) such that U(a) E 3. 
Hence U(a) n U-‘(a) E 3. 
(b) On any quasi-uniform space (X, %), an ultrafilter 3 is Cauchy with respect 
to Q* if (and only if) it is stable both in (X, %) and (X, Q-l): For arbitrary LJ E %, 
x E (n,,, U(G)) n (nc,cg U-‘(G)) implies that U(.x) n U-‘(x) E %. 
Corollary 2.10. (a) Each Cauchy bounded hereditarily precompact stable quasi- 
uniform space is totally bounded. 
(b) The Pervin quasi-uniformity is the unique stable quasi-uniformity on a 
hereditarily compact space. 
Proof. Recall that a quasi-uniform space (X, %) is totally bounded if and only if 
both %! and %-’ are hereditarily precompact [ 18, Lemma 1 .l]. Hence the first result 
is an immediate consequence of Corollary 2.8. Note that one could also use Remark 
2.9(a) and [8, Proposition 3.141. The second assertion follows from part (a) and 
the fact that the Pervin quasi-uniformity is the unique totally bounded quasi- 
uniformity on a hereditarily compact space (see [16]). q 
We observe that [21, Example 71 is a hereditarily precompact stable quasi-metric 
space which is not totally bounded, although its conjugate is compact. 
Let us call an entourage U of a quasi-uniform space (X, %) stable provided that 
nFF,* U(F) E % whenever 5 is a D-Cauchy ultrafilter on (X, “u). 
Lemma 2.11. A quasi-untform space (X, a) is stable if and only if it has a subbase 
consisting of stable entourages. 
Proof. Let (X, %) be a quasi-uniform space having a subbase Y consisting of stable 
entourages. Assume that there are a D-Cauchy filter 9 on (X, %) and U E % such 
that nFcz,+ U(F) +Z @. There exist n E N and S, , . . , S, E Y such that n;,, S, & U. 
Let % be an ultrafilter containing { F\n Ft:+ U(F): FE 9). Clearly % is a D-Cauchy 
filter on (X, %) such that nGrig U(G)+? 9. However n,,., $(G)E +Y whenever 
if{l,..., n}. Let a gn;=, (nccs S,(G)). Foreach iE{l,. . . , n},sinceX\S,‘(a)E 
3, S;‘(a) E 3. Hence U-‘(a) f ‘32 and thus a E n,,,,9 U(G). It follows that 
n,,,,g U(G) E %-a contradiction. We conclude that “111 is stable. 0 
Proposition 2.12. For any set X and any family (Xi, %Qi)+t of stable quasi-unz~orm 
spaces the coarsest quasi-uniformity Yen X such that a given family of mapsf; : X + Xi 
(i E I) is quasi-uniformly continuous is stable. 
Proof. Let 9 be a D-Cauchy filter on (X, Y), let if I and let U E “ui. Set S = 
(J; xf;))‘( U). Since the filter % generated on Xi by {J;(F): FE 9) is a D-Cauchy 
filter on (Xi, “ui), we have nFr,* U(J;F)E 3. Thus sz~‘(n,,, U(J;F)) = 
f”-)Fe.F S(F) E 5 The assertion is a consequence of the preceding lemma. 17 
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Corollary 2.13. (a) Each subspace of a (doubly) stable quasi-un~orm space is (doubly) 
stable. 
(b) The product of any family of (doubly) stable quasi-uniform spaces is (doubly) 
stable. 
(c) The supremum of any family of (doubly) stable quasi-uniformities on a given 
set is (doubly) stable. 
Remark 2.14. By Corollary 2.13(c), on each quasi-uniform space (X, %) there exists 
a finest (doubly) stable quasi-uniformity %.7 coarser than 021. Note that %!, is finer 
than the finest totally bounded quasi-uniformity contained in %. Of course %,7 is 
also finer than the finest uniformity coarser than Q. Moreover if f: (X, %) + ( Y, V) 
is a quasi-uniformly continuous map between quasi-uniform spaces, then 
f: (X, 3,) + ( Y, Vs) is quasi-uniformly continuous. 
Corollary 2.15. Each topological space admits afinest (doubly) stable quasi-uniformity. 
We finish this section with two examples illustrating some further aspects of the 
concept of a stable quasi-uniformity. 
Example 2.16. (a) Consider the subspace Y = {(x, -x): x E R}U UT=:=, (k/n, 
(1 -k)/n): k is integer} of the (quasi-metric) Sorgenfrey plane (compare Example 
2.1(b)). It is easy to check that Y is a (doubly stable quasi-metric) locally compact 
nonmetrizable Moore space. 
(b) Note that each left K-sequentially complete (see e.g. [21]) quasi-metric space 
(X, d) whose conjugate is stable is strong: We have to show that T(d) E .T(d-‘). 
However this is clear, since for each x E X and each sequence (x,),,,~ in X such 
that lim,,, d(x,*, x) =O, we deduce by Corollary 2.8 (applied to the compact 
subspace {x}u {x, : n E N} of (X, d-l)) and by [21, Theorem 3(c)] that (x,),,,~ has 
a left K-Cauchy subsequence converging (necessarily) to x in (X, d). 
Example 2.17. We give an example of a stable quasi-uniformity which is not the 
supremum of stable quasi-pseudo-metric quasi-uniformities: Let X = o, and let A 
be the diagonal of X. For each limit ordinal 1 E w, choose a sequence ( -yln)ntN of 
distinct successor ordinals bigger than 1. Set S, = A u Uw,rlaa ({I} x { Al,, : n EN}) 
whenever cy E w, and let % be the quasi-uniformity generated by {S, : a E w,} on X. 
Consider an arbitrary D-Cauchy filter 9 on (X, a). There exists a filter 9 on X 
such that (9, 9) + 0. Then there are G E ‘9 and FE 9 such that G x FE So. Let 
g E G. Since F s S,(g), there is fi E w, such that sup F < p. For G’ E % and F’ E 9 
such that F’c F and G’x F’s Se, and any f’~ F’ we have that S,‘(f ‘) = {f ‘) = G’ 
and S, (G’) = {f ‘} = F’. Consequently 5 contains a singleton and is stable. We have 
shown that (X, %!L) is stable. 
Assume now that % is the supremum of stable quasi-pseudo-metric quasi- 
uniformities on X. Then there exists a stable quasi-pseudo-metric d on X such that 
SO~ a(d) by Corollary 2.13(c). Furthermore for each m EN there exists (Y, <w, 
such that SU8*, c U$. Let Z<,< w, be a limit ordinal greater than sup(cy, : m EN}. 
Since St, c n2 = I &,,, , we see that d(l,, Y,~,~O)Z =0 whenever n EN. However 
f--K‘=, S,({Y,,, : n EN, n 2 k}) = fl and thus d is not stable-a contradiction. We 
conclude that % is not the supremum of stable quasi-pseudo-metric quasi-unifor- 
mities. 
3. Stable quasi-pseudo-metrics 
To begin it may be interesting to note that a regular quasi-metric space (X, d) is 
metrizable provided that n RF YB U$*r( B) E 9 whenever n E N and 9 is a convergent 
filter on (X, d). This observation follows from the proof of 121, Proposition 41, 
because in such a space for each convergent sequence (yn)nzN the subspace {y, : 
n E N} is precompact. 
Our main tools when studying stable quasi-pseudo-metrics are Lemmas 3.1, 3.7 
and 3.11 proved below. During the presentation of their consequences it will become 
clear that many quasi-metric spaces discussed in the literature do not admit a stable 
quasi-metric; e.g. the Michael line (it has a ~-point-finite base), the example 
discussed by Aull in [l] (a paracompact Hausdorfl space with a a-locally countable 
base is metrizable, see e.g. 121) and the quasi-metric space constructed in [25] (it 
is weakly submetacompact, but not subparacompact). 
In the following let K be an infinite cardinal number. Recall that a family ( Ci) ,i, 
of subsets of a topological space X is called point < K (locally < K) at x E X provided 
that /(i E I: XE C,}l< K (provided that there is a neighborhood U of x such that 
/{iE 1: f._fnci#@}/<K). 
Lemma 3.1. Let (C,) ic t be a family of subsets of a stable quasi-un~orm space (X, Q), 
let d be a quasi-pseudo-metric on X such that Q(d) c 42 and suppose that K is regular 
and greater or equal than the character of F( 9.). If there exists a positive real number 
E such that the family (Ut(C,)),,, is point <K on some subspace A of X, then 
( Uf( C,) n A) ic, is vocally <K in (X, %} whenever 6 is a positive real number smaller 
than F. 
Proof. Assume the contrary. Then there is XE X such that (Ui(Ci)n A)i,, is not 
locally <K at x. Furthermore there exists a subcollection { V, : a < K} c % such that 
{V,(x): a < K} is a neighborhood base at x. Without loss of generality we can 
assume that for each a < K the set {p < K: V, = V,} is cofinal. For each 1y < K choose 
inductively an i, E I such that V,(x) n U~(C,,) A A # 0 and such that i, # ip 
whenever j3 < cy. Consider the filter 9 generated on X by { V,(x)n 
tJ,,,z,, (U~(C,,) n A): ?: a < K}. Since 9 is convergent and Ou is stable, 9 is 
stable. Thus there are y E A and a cofinal subset D of K such that y E U:‘(C,) 
whenever j? E D. However the family (Uz( C’i)),,, is point <K at y-a contradiction. 
Hence the family (Ug( C,) n A):, , is locally <K at x. Cl 
182 H.-P.A. Kiinzi. H.J.K. htnnila 
Example 3.2. The set of the isolated points B of a stable quasi-metric space (X, d) 
is an f;b-set in (X, d): Let n EN and Ju,, = {{x}: U,-,?(x) = {x}}. By Lemma 3.1, ~2, 
is a locally finite (closed) collection in (X, d) and thus l._I Jll, is closed. Hence 
B =UT=, (Ll Ju,) is an F,-set in (X, d). 
Lemma 3.3. Let K be an infinite regular cardinal and let %? be an open collection in a 
stable quasi-pseudo-metric space (X, d) that is point <K on a subspace A of X. Then 
there exists a collection IJz==, S,, of A-open sets refining {An C: C E %} such that 
each collection %,, is locally <K in (X, d) and such that for each C E %, An C = 
uz=, R, for appropriate sets R, E .92,,. 
Proof. Let n EN. For each C E Ce set H,(C) = {x E C n A: U2--ot-l~(x) n A c C n A}. 
Then U,~I,~~IJ(H,,(C)) n A G C n A whenever C E %. Therefore the family 
( U,-(,~-I)(H,(C)) n A),, M is point <K. By Lemma 3.1 we conclude that the collec- 
tion %,, = (U,~~~(H,( C)) n A: C E %?} is locally <K in (X, d). Note that 
UT=‘=, (L&~~(H,(C))nA)=AnC whenever CE %‘. q 
Proposition 3.4. (a) Each regular cr-metacompact stable quasi-pseudo-metric space X 
is paracompact. 
(b) Each regular weakly submetacompact stable quasi-pseudo-metric space X is 
subparacompact. 
Proof. (a) Each open cover of X has a a-locally finite open refinement by Lemma 
3.3. Hence X is paracompact, since X is regular. 
(b) Each open cover of X has a a-locally finite refinement by Lemma 3.3. Hence 
X is subparacompact, since it is regular. I2 
Proposition 3.5. (a) Each regular stable quasi-pseudo-metric space X with a o-point- 
finite base is pseudo-metrizable. 
(b) Each regular quasi-developable stable quasi-pseudo-rnet~~ space X is 
developable. 
Proof. (a) By Lemma 3.3, X is a regular space with a a-locally finite base. 
(b) Since each quasi-developable space has a &base (e.g. [14, p. 479]), it follows 
from Lemma 3.3 that the (regular) space X has a a-locally finite (closed) network. 
Hence X is perfect [14, p. 4461 and thus developable (e.g. [14, p. 4801). Cl 
Analogously one proves the following results. 
Corollary 3.6. (a) Each stable quasi-pseudo-metric space (X, d) with a point-countable 
base has a u-locally countable base. 
(b) Each meta-Lindelof stable quasi-pseudo-metric space is cr-para-Lindelof 
(c) Each stable quasi-pseudo-metric space with a M-base has a u-locally countable 
network. 
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(d) Each open cover of a weakly submeta-Lindeliif stable quasi-pseudo-metric space 
has a u-locally countable rejinement. 
The proof of our next proposition relies on the following auxiliary result. The 
lemma describes another basic property of stable quasi-uniform spaces. 
Lemma 3.7. Let (X, %) be a stable quasi-uniform space, let x E X and let P, U E Ou. 
Then there is a jinite subset F s P(x) such that x E intJ(OUu, U-‘(F). 
Proof. Assume the contrary. Since the filter 5 generated on X by {V(x)\ U-‘(a): 
aEP(x), V~~}isstable,wehaven..,U(F)~~,butn,,,U(F)nP(x)=V)-a 
contradiction. Hence there is a finite subset Fc P(x) such that x E 
intYcoau, U_‘(F). 0 
Proposition 3.8. The conjugate (X, d-‘) of a stable quasi-pseudo-metric space (X, d) 
is (hereditarily) weakly submetacompact. It is submetacompact if and only if it is 
countably metacompact. 
Proof. Let 55 be an open cover of (X, d-‘). There exists a refinement 9? of % such 
that %={U$(x): XEA~, kEN} where {Ak: k EN} is a cover of X. Let n EN. Set 
G, = U;=, (UXE,z,I U;-‘(h+l)(x)). We show that the cover 9,, = {G, n U;-‘(~~+ll(x): x e 
G,} of the subspace G, of (X, d-‘) has a o-sequence ($,nm)mtN of Y(d-‘)-open 
refinements. By a result of Worrell [12, Proposition 1.41 it suffices to prove that 
there exists a sequence (%‘,,m)mtN of Y(d-‘)-open refinements of -Ze, such that for 
each x E G, there is a sequence (t(s)),,N of natural numbers so that for each s EN, 
Z~,(s+lJ is a pointwise W-refinement of %,,, ,) at x (i.e., there exists a finite subcollec- 
tion Yl of 9Yncc Ij such that each member of {If: x E H E Y&,,,+, ,} is contained in some 
member of Yt). 
To this end for each m EN set %‘,,, ={G, n U$,~+,~~(x): XE G,,}. Let s EN and 
x E G,. By Lemma 3.7 there are p E N such that p 2 s + 1 and a finite subset F of 
G, such that G, n U2+~x+,l~(x) c U;-‘~~+l+,~l( F) n G,, since G, is a stable subspace of 
(X, d). One easily checks that %Y,,,, is a pointwise W-refinement of %?,,,Y at x. We 
conclude that Worrell’s criterion is satisfied. 
Clearly then the collection UT,, =, F&,, is a weak o-refinement of (e in (X, d-‘). 
Therefore (X, d-‘) is weakly submetacompact. Assume now that (X, d-‘) is count- 
ably metacompact. There exists a Y(d -‘)-closed cover {F, : n E N} of X such that 
F,, c G, whenever n EN. Setting %I;,,, = Y,,,,, u {C\ F,, : C E %‘} whenever n, m E N we 
obtain a o-sequence of Y(d-‘)-open refinements of %. We conclude that (X, d-‘) 
is submetacompact if and only if (X, d-‘) is countably metacompact (see e.g. [ 12, 
Proposition 1.111). 0 
Example 3.16(a) below shows that a stable quasi-pseudo-metric space need not 
be weakly submetacompact. Note also that in light of Remark 2.7(b) we cannot 
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omit the condition of countable metacompactness in the second part of Proposition 
3.8. 
Corollary 3.9. Each regular doubly stable quasi-pseudo-metric space (X, d) is subpara- 
compact and perfect. It has a G6-diagonal if it is a Hausdor-space. 
Proof. Subparacompactness of (X, d) is a consequence of Propositions 3.4(b) and 
3.8. It remains to be shown that each open set G of (X, d) is an F,-set. However 
this is clear, since the cover {G’: G’ is T(d)-open and clYcdlG’z G} of G has a 
weak e-refinement by Proposition 3.8 which according to Lemma 3.3 is refined by 
an in (X, d) a-locally finite collection covering G. 
Since by Corollary 2.13(b) X x X is perfect, the second assertion is obvious. 0 
Corollary 3.10 [22]. Let S denote the Sorgenfrey line. Then the topological product S” 
is subparacompact and perfect. 
Proof. The assertion is a consequence of Example 2.1(b) and Corollaries 2.13(b) 
and 3.9. 0 
Lemma 3.11. Each stable quasi-pseudo-metric space (X, d) contains a dense subset 
Uz=‘=, F, such that the collection {{x}: x E F,,} is 1ocallyJinite in (X, d) whenever n E N. 
Proof. For each n EN define inductively and as long as possible a transfinite sequence 
(xe) a<p,l such that for each p < & we have x0 E X\ U;~~~({x, : a CD}). Set F, = {x, : 
a < pn}. Assume that {{x,}: (Y < /3,,} is not locally finite at some point x E X. Then 
there is a subsequence (x,~)~~~ of (x,),,~,, converging to x such that (Ye <LYE+, 
whenever k E N-a contradiction to Lemma 2.3. Since lJ,,F,, U;-‘,,(x) = X whenever 
n EN, it is clear that l._lniN F,, is dense in (X, d). 0 
Corollary 3.12. Each stable quasi-metric space contains a dense subspace which is the 
union of countably many closed discrete subspaces. 
Proposition 3.13. A stable quasi-pseudo-metric space (X, d) in which each locallyjnite 
collection of open subsets is countable is separable. It is hereditarily separable if each 
locally finite collection of subsets is countable. 
Proof. (a) Assume that X is not hereditarily separable. Then X contains an uncount- 
able left-separated subspace [ 14, p. 3011. Hence there exist n E N and a transfinite 
sequence (x,),<,, of points of X such that xp & U$(x,) whenever (Y < /3 < wl. It 
follows from the proof of Lemma 3.11 that {{x,}: (Y <w,} is locally finite in X. 
Hence X contains an uncountable locally finite collection of subsets. 
(b) Assume now that each locally finite collection of open subsets of X is 
countable. First note that each pairwise disjoint open collection of X is countable: 
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Without loss of generality we consider an arbitrary collection A = { U,~~~(~l(x):  E A} 
where Ac_ X consisting of pairwise disjoint open balls. Then for each n EN the 
collection A,, = { L&-(~~(\I+I)(x):  E A and n(x) = n} is locally finite by Lemma 3.1. 
Hence & and Uz==, Al, are countable by our assumption. 
Let m EN. By Lemma 3.7, for each x E X there are s,,,(,) E N and a finite subset 
A mCxJ of L+(x) such that L&M,,(X) G lJUtA,,,,,, LJ&(a). Since X satisfies the 
countable chain condition, there is a countable subset D, of X such that 
U dtD,,, U,-~dd) is d ense in X. Set S,,, =UdLD,. A,,,, and S=l._l~=, S,. Let us 
verify that the countable set S is dense in (X, d). Let ye X and n EN. There is 
a’ E D,+, such that L+,a+ll( y) n U2~~c,,+,,c,l,(d) # 0. Furthermore U,--<,,,+,,,,,(d) E 
U at*(,,+,~c~r, CJ,--‘l~~+l~(a). Thus there is a E ACn+,jCdj such that a E U,-,z(y). Con- 
sequently LJ-fs( y) n S # 8. We have shown that S is dense in X. 0 
Recall that a topological space is called pseudo-K,-compact provided that each 
locally finite open collection is countable. 
Corollary 3.14. (a) For a stable quasi-pseudo-metric space the following conditions 
are equivulen t: separable, ccc, weakly LindelGf and pseudo-K, -compact. 
(b) Each Lindeliif stable quasi-pseudo-metric space is hereditarily separable. 
Corollary 3.15. A doubly stable quasi-pseudo-metric space is hereditarily separable if 
and only if it is (hereditarily) Lindeltij 
Proof. It is known that a quasi-pseudo-metric space is hereditarily Lindelof if and 
only if its conjugate is hereditarily separable [15, Theorem 41. The result follows 
from Corollary 3.14(b). q 
Example 3.16. (a) Let (X, p) be a metric space and let {Xa : Q < p} be an increasing 
cover of X. Set d(x, y) = 1 if there exists Q < p such that x E X, but y E X\X,, and 
set d (x, y) = 0 otherwise. Note that the quasi-pseudo-metric quasi-uniformity %(d) 
is stable, since UU(d-‘) is hereditarily precompact. Therefore the quasi-metric s = 
max{p, d} on X is also stable by Corollary 2.13(c). It follows that the perfectly 
collectionwise normal nonparacompact space constructed by Pol in [23] admits a 
stable quasi-metric. Note that it is not weakly submetacompact (e.g. [14, p. 3771) 
nor does it admit a doubly stable quasi-metric, since it is not subparacompact. It 
is well known that the construction discussed above can also be used to build a 
hereditarily separable stable quasi-metric Hausdorff space which is not Lindelof 
(consider e.g. the space (X, s-‘) of [21, Example 51). 
(b) Let (T, s) be a tree. Define a quasi-pseudo-metric p on T by setting p(x, y) = 0 
if x 3 y and p(x, y) = 1 otherwise. Using that for each x E T, the set {y E T: y d x} 
is well ordered by s, one easily checks that (T, p) is a stable quasi-pseudo-metric 
space. We shall now exhibit a necessary and sufficient condition for the existence 
of a stable quasi-metric d on T such that d induces the usual tree topology of T. 
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As usual we say that a mapping f: T + R is an R-embedding of the tree (T, S) if we 
have f(x) <f(y) in Iw whenever x <y in T and we say that (T, G) is KY-embeddable 
if such a mapping f exists. Let us now show that a tree (T, S) is [W-embeddable if 
and only if some stable quasi-metric induces the tree topology of (T, G): Iff: T + R 
is an R-embedding of (T, s), then we can define a quasi-metric d on T by setting 
d(x, y) = max{ p(x, y), If(x) -f(~)l}. By Corollary 2.13(c), d is a stable quasi-metric. 
It is easy to check that d induces the tree topology of (T, s). If, conversely, there 
exists a stable quasi-metric on T which induces the tree topology, then Example 
3.2 shows that the elements of T whose heights are successor ordinals form an 
F,-discrete (see [8, p. 1321) subset S7 of T. Since S7 is F,-discrete, it is the union 
of countably many antichains. According to [ 14, Lemma 9.7, p. 2861 (see also [lo]) 
T is [W-embeddable. 
The [W-embeddable trees provide us with a consistent example of a nonperfect 
regular stable quasi-metric space: It is stated in [9, p. 611 by Hanazawa that under 
0 there exists an [W-embeddable Aronszajn tree which is not countably metacompact. 
A topological space X is called countablypoint-starpreorthocompact [20] provided 
that for each countable open cover % of X there exists a neighbornet V of X such 
that V’(x) G st(x, %) whenever x E X. 
Proposition 3.17. A countably point-star preorthocompact stable quasi-metric space X 
is countably metacompact and preorthocompact. 
Proof. Since by Corollary 3.12, X has a dense subspace which is the union of 
countably many closed discrete subspaces, the assertion is a consequence of the 
observation made in Remark (a) of [17, p. 191. Furthermore X is preorthocompact, 
because each countably metacompact y-space has this property [8, p. 1681. 0 
Problem 1. Is each regular hereditarily separable stable quasi-pseudo-metric space 
Lindeliif? 
Problem 2. Is each (regular) Lindeliif stable quasi-pseudo-metric space hereditarily 
Lindeliif? 
Problem 3. Is there in ZFC a regular stable quasi-metric space which is not countably 
metacompact? 
Note that since every second countable space admits a doubly stable quasi-pseudo- 
metric, it is easy to give examples of Hausdorff stable quasi-metric spaces which 
are not countably metacompact (compare Remark 2.7(b)). 
The following two major problems remain unresolved, too. 
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The Stability Problem. Characterize those quasi-pseudo-metrizable spaces that 
admit a stable quasi-pseudo-metric. 
The Inverse Problem. Characterize those quasi-pseudo-metrizable spaces that admit 
a quasi-pseudo-metric whose conjugate is stable. 
We finally show that a completely regular pseudocompact stable quasi-pseudo- 
metric space is compact. Our proof is based on two lemmas. First recall that a 
topological space X is called feebly compact [24] provided that each locally finite 
collection of open sets is finite. 
Lemma 3.18. The co~jug~fe (X, d I ’ ) of each feebly corn~~~~ stable quffsi-pseudo-metric 
space (X, d) is precompact. 
Proof. By Corollary 3.14(a), (X, d) has a countable dense subset D = {x, : n EN} 
where it suffices to consider the case that the points x, are distinct. (If D is finite, 
then (X, d-‘) is clearly precompact.) Assume that (X, d-‘) is not precompact. Then 
there is m EN such that U,--‘~~~(F) f X whenever F is a finite subset of X. Inductively 
we define a subsequence ( yn)neN of (x,),,~ and a decreasing sequence ( Gn)ncN of 
nonempty open sets of (X, d). Set y, = x,. Let p E N and assume that y, (s 6 p) and 
G,? (scp) are defined. Set G,,=X\UE_, U$n*+~)(y~) and let y,,, be the point x, 
with the smallest index .s EN such that x, E X\URZI UZ’(**t+z$ yk). 
- 
Since X is feebly compact, there is x~nT=, G,,. Furthermore the convergent 
filter generated by (&z,(x) A G,, : n EN} on (X, d) is stable, because (X, d) is stable. 
Therefore there exists r Ez N such that &a(x) n G, c nz=;, I&(,=++ G,). Since 0 # 
U,-(x) n G, n 0, there is y E (nz=‘_, Uzm (“1+2( G,*)) n D. Moreover there exists f~ N 
such that y E U&-++ yt), because DE U;“=, ZJ;‘(~~~++ yk). Since y E U,-~~~~+z)(G~), we 
deduce that y, E U,-(p.+lB( Go.)-contradicting the definition of GP We conclude that 
(X, d-‘) is precompact. •1 
Before stating the second lemma used in the proof of our final proposition we 
want to recall the following two concepts. A topological space X is called almost 
realcompact (closed complete) provided that each maximal filter 99 of open (closed) 
sets on X with the property that n {G: GE 9;) has the countable intersection 
property, has a cluster point. It is known that each regular almost realcompact space 
is closed complete [7, Theorem 1.61. The well-known space ?P [14, p. 372, Example 
4.41 is a separable quasi-metrizable Tychonoff space that is not almost realcompact. 
Lemma 3.19. Each regular separable quasi-pseudo-metric space (X, d) is closed com- 
plete. A regular quasi-pseudo-metric space (X, d) is almost realcompact ifits conjugate 
(X, d-‘) is precompucf. 
Proof. It seems convenient to prove these two results simultaneously. (The reader 
will note that our argument also applies in a Hausdorff y-space instead of a regular 
quasi-pseudo-metric space.) Let 9 be a maximal filter of open (closed) sets on 
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(X, d) such that {G: G E ?!I} has the countable intersection property. Fix n E FU. There 
exists a finite (countable) subset A,,+, of X such that X = U;J~~~+~)(A,+,). Since 5? 
has the finite (countable) intersection property, there is fn+, E A,,+, such that G n 
U&~+l)(f~+,) # 0 whenever GE 9. By the maximality of 9 there exists G, E % such - 
that G, c cI;-o’+l(_&+r). Let =f-I:z, G,. Then {x>=fI;=P=, G,= 
f-c=, U;~~~+4L+l), b ecause (X, d) is regular. Since {G: G E YI} has the countable 
intersection property and X is regular, we conclude that x E n {G: G E 9). Hence 
(X, d) is almost realcompact (closed complete). 0 
Proposition 3.20. Each regular feebly compact stable quasi-pseudo-metric space (X, d ) 
is compact. 
Proof. By Lemma 3.18, the space (X, d-‘) is precompact. Hence each maximal filter 
of open sets on (X, d) has a cluster point by Lemma 3.19. Thus (X, d) is compact, 
since it is regular. q 
Corollary 3.21. Each completely regular pseudocompact stable quasi-pseudo-metric 
space is compact. 
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